Linear homogeneous capital process
Let us consider the capital of a banker which is consists of two elements: k 1 -an amount lent to a client and k 2 -the remaining of assets. Let l ∈ Z denote arbitrary time interval. The process of change of the banker's capital can be described as follows:
According to the rate of interest α 1 (l) at which the banker gave the credit, the growth of the component k 1 is equal to α 1 (l)k 1 (l). In addition, the amount of unreturned part of credit decreases by the value of repayment β(l)k 1 (l) which is determined by the rate β(l).
k 2 (l): The capital k 2 increases by the amount of repayment of credit β(l)k 1 (l). Being in addition invest in, for example liquid stocks of annual rate of return α 2 (l), it grows about the amount α 2 (l)k 2 (l).
Components of the banker's capital form a basket k(l) = (k 1 (l), k 2 (l)) ∈ R 2 . The evolution of this basket during the time l ∈ Z can be described by the system of equations:
"The matrix rate of return" -p. 3
Linear homogeneous capital process 8 < :
k 1 (l + 1) = (1 + α 1 (l) − β(l)) k 1 (l)
"The matrix rate of return" -p. 4
This evolution of the capital can be described in such a way that any changes in components of the basket are expressed as percent changes of those components. In the vector space of baskets we can choose a new basis such that we do not observe any flows of capital, but autonomous growth of individual components only.
Let us assume that α 1 (l) = α 2 (l) and k ′ 1 (l) is the amount of the capital lent to client k ′ 1 (l) = k 1 (l) and k ′ 2 (l) is the sum of β(l) part of a loan and α 2 (l) − α 1 (l) + β(l) part of remaining banker's assets. That is k
In these new variables equations describing the changes in the basket separate and take the following form:
Linear homogeneous capital process
"The matrix rate of return" -p. 5
The formalism of financial mathematics should not depend on choice of basis to describe the baskets. It seems that the matrix rates presented below are necessary to obtain the basis independent description of the economical reality.
The matrix rate of return Capital processes are described by linear homogeneous difference equations. In the matrix notation they take the form:
where k(l) ∈ R M , R(l) and I are real matrices of dimension M × M , I is the unit matrix.
The matrix R(l) is called the matrix lower rate. Space R M is called the phase space of baskets and linear homogeneous difference or differential system of equations, first order, are called equations of motion of the basket.
For M = 2 the matrix R(l) generating the evolution (1) equals to
"The matrix rate of return" -p. 6
The matrix rate of return
If the state of the basket in the initial moment p equals k(p), then the solution of the equation of motion of the basket takes the form
where T is the chronological ordering operator.
"The matrix rate of return" -p. 7
The chronological product T Q r−1 s=p (I + R(s)) contains more detailed information about changes of capital in the basket than the usually used quotient
.
The matrix rate of return Let us consider processes for which the matrix I + R(l) is nonsingular. Then, introducing the concept of the matrix upper rate R(l), it is possible rewrite the equation of motion in the following form:
"The matrix rate of return" -p. 8
Comparing equations of motion we obtain the relation between both types of matrix rates introduced above:
Solving the above equation with respect to R(l) we obtain
and with respect to R(l) we get
The matrix rate of return When we perform the formal change of the direction of time the lower and upper rate change their signs and they change their roles. Therefore, the formulae containing these matrices are symmetric with respect to the time reflection.
"The matrix rate of return" -p. 9
The appropriate solution of the equation of motion takes the form
where T ′ is the antichronological operator.
The formalism of continuous description of credit
We can describe the solution of the evolution equation in the dense form with the help of the limit transition leading from the capital models described by the linear difference equations to the differential equations.
Assume that we consider time scales such that the periods of time between the changes of components of the basket is infinitesimal and equals to τ = t l+1 − t l . After rescaling of the time domain of the basket the equation of motion takes the form:
In the limit τ → 0 we obtain
Matrix R(t) is called the differential matrix rate of return and solution of the equation of motion takes the form
"The matrix rate of return" -p. 11
The chronologically ordered exponential function is infinite series in the differential matrix rate
"The matrix rate of return" -p. 12
If the differential matrix rate is constant, the chronological operator T is the identity.
The expression of the time evolution of the basket becomes transformed to the standard matrix exponential function
Complex rate of return Let us consider baskets which have oscillating components. Part of their capital becomes a unwanted at some moment and a desirable good at another time. This phenomenon is called pumping of capital in the language of financial market.
"The matrix rate of return" -p. 13
Evolution of basket of this kind is described by the harmonic oscillator. Let us consider the differential matrix rate
Let us consider the complex extension C 2 of the phase space R 2 . Then e k 1 = (1, i) and e k 2 = (1, −i) = e k * 1 are the eigenvectors of the matrix rate R(t) with eigenvalues −i b and i b respectively.
Complex rate of return
Let us consider baskets which have oscillating components. Part of their capital becomes a unwanted at some moment and a desirable good at another time. This phenomenon is called pumping of capital in the language of financial market.
The equation of motion of the basket in the basis of eigenvectors { e k 1 , e k 2 } takes the form: e k 1 (t) = e −ib(t−t 0 ) e k 1 (t 0 ) , e k 2 (t) = e ib(t−t 0 ) e k 2 (t 0 ) .
Complex rate of return
In the initial, real basis one has
"The matrix rate of return" -p. 14 Complex rate of return
This equation describes motion along the circle centered at the beginning of the cartesian coordinates of the basket. The period of return to the same point of the phase space equals to T = 2π |b| .
"The matrix rate of return" -p. 14 The indefinite matrix rate
For any given real number x > 0, the indefinite logarithm of x written as L = [log x], is a special type of mathematical objects called a logarithmic quantity object, which we define as follows
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The indefinite matrix rate
The result of the indefinite logarithm does not select any preffered base, yet it contains all of the information about the logarithm of x taken to all possible bases.
Indefinite logarithms are inherently scale-free objects, that is, they are non-scalar quantities and they can serve as a basis for logarithmic spaces, which are natural systems of logarithmic units suitable for measuring any quantity defined on a logarithmic scale.
The concept of the rate of interest is connected with the time scale. To get rid of explicit time scale dependence we introduce the indefinite matrix rate, which is the generalization of the indefinite logarithm to the multidimensional case:
Conclusions
Every matrix can be deformed to a diagonalizable complex matrix by arbitrarily small deformations of their elements, that is the set of diagonalizable linear transformations of the complexified phase space C M is dense in the space all linear maps of C M .
"The matrix rate of return" -p. 16
It follows that, the evolution of every capital basket can be represented as set of non interacting complex capital investments. Therefore, in the extended complex phase space the decomposition of the matrix rate R(t) = C(t) + D(t) can always be done, in such a way that the matrix of flows is zero.
The real parts of nonzero elements of a diagonal matrix rate measure the loss or gain of complex investments. The imaginary parts inform about periodicity of changes in proportion between real component of complex investments and its imaginary partner.
By the choice of appropriate moments of entering and exit from capital process the oscillations like above can be used as particularly effective mechanism of enlarging of the capital giving the similar results as financial leverage.
